Abstract. A new S-type singular value inclusion set for rectangular tensors is given and proved to be tighter than that in [Sang C.L., An S-type singular value inclusion set for rectangular tensors, J. Inequal. Appl. 2017Appl. : 141, 2017. Based on this set, new bounds for the largest singular value of nonnegative rectangular tensors are obtained and proved to be better than some existing results. Compared with the results in the paper mentioned above, the advantage of the new results is that, under the same computations, we can obtain a tighter singular value inclusion set for rectangular tensors and sharper bounds for the largest singular value of nonnegative rectangular tensors. Finally, a numerical example is given to verify the theoretical results.
Introduction
Let R(C) be the real (complex) field, p, q, m, n be positive integers, l = p + q, m, n ≥ 2 and N = {1, 2, · · · , n}. A = (a i 1 ···ipj 1 ···jq ) is called a real (p, q)th order m × n dimensional rectangular tensor, or simply a real rectangular tensor, denoted by A ∈ R [p,q;m,n] , if
When p = q = 1, A is simply a real m × n rectangular matrix. A is called a nonnegative rectangular tensor, denoted by A ∈ R [p,q;m,n] + , if each of its entries a i 1 ···ipj 1 ···jq ≥ 0. If there are a number λ ∈ C, vectors x = (x 1 , x 2 , · · · , x m ) T ∈ C m \{0} and y = (y 1 , y 2 , · · · , y n ) T ∈ C n \{0} such that Ax p−1 y q = λx Furthermore, if λ ∈ R, x ∈ R m , and y ∈ R n , then we say that λ is an H-singular value of A, and (x, y) is the left and right H-eigenvectors pair associated with λ, respectively. If a singular value is not an H-singular value, we call it an N-singular value of A. We call λ 0 = max{|λ| : λ is a singular value of A} is the largest singular value; see [1] [2] [3] for details. When p = q, m = n, such real rectangular tensors have a wide range of practical applications in the strong ellipticity condition problem in solid mechanics [4, 5] and the entanglement problem in quantum physics [6, 7] . For example, the elasticity tensor is a tensor with p = q = 2 and m = n = 2 or 3; for details, see [2] .
Because it is not easy to compute all singular values (eigenvalues) of tensors when the order and dimension are large, one always tries to give a set including all singular values (eigenvalues) in the complex plane [8] [9] [10] [11] [12] , or give upper and lower bounds for the largest singular value of nonnegative rectangular tensors [13] [14] [15] . Very recently, Sang [8] proposed the following S-type singular value inclusion set for rectangular tensors by breaking N = {1, 2, · · · , n} into disjoint subsets S and its complementS.
, S be a nonempty proper subset of N ,S be the complement of S in N. Then
and
Based on the set in Theorem 1, Sang in [8] obtained the following upper and lower bounds for the largest singular value of nonnegative rectangular tensors.
, S be a nonempty proper subset of N ,S be the complement of S in N . Then
where
.
In this paper, by the technique in [9] , we give a new S-type singular value inclusion set for a real rectangular tensor A and prove that the new set is tighter than Υ S (A). As an application, we obtain new upper and lower bounds for the largest singular value of nonnegative rectangular tensors and prove that the new bounds are better than those in Theorem 2 and Theorem 4 of [3] .
Main results
We begin with some notation. Given a nonempty proper subset S of N , we denote
and then
This implies that for a rectangular tensor A = (a i 1 ···ipj 1 ···jq ), we have that for i, j ∈ S,
Theorem 3. Let A ∈ R [p,q;n,n] , S be a nonempty proper subset of N ,S be the complement of S in N . Then
Proof. For any λ ∈ σ(A), let x = (x 1 , x 2 , · · · , x m ) T ∈ C m \{0} and y = (y 1 , y 2 , · · · , y n ) T ∈ C n \{0} be the left and right associated eigenvectors, that is,
Let
Then, at least one of |x t | and |x h | is nonzero, and at least of |y f | and |y g | is nonzero. We divide the proof into four parts. Case I: Suppose that
By the hth equality in (1), i.e.,
we have
If |x t | = 0, then |λ| − r ∆ S h (A) ≤ 0 as |x h | > 0, and it is obvious that
which implies that λ ∈Ψ t,h (A). Otherwise, |x t | > 0. From the tth equality in (1), we have
i.e.,
Multiplying (3) by (4) and noting that |x
(ii) If |x t | ≥ |x h |, then |x t | = max{w i : i ∈ N }. Similar to the proof of (i), we have
Case II: Suppose that w S = |y f |, wS = |y g |, then |y f | ≥ |x f |, |y g | ≥ |x g |. If |y g | ≥ |y f |, then |y g | = max{w i : i ∈ N }. Similar to the proof of (i) in Case I, we have
If |y f | ≥ |y g |, then |y f | = max{w i : i ∈ N }. Similar to the proof of (ii) in Case I, we have
and λ ∈ΨS g,f (A) ⊆ i∈S,j∈SΨS i,j (A).
Case III: Suppose that
If |x t | ≥ |y g |, then |x t | = max{w i : i ∈ N }. Similarly, we have
which implies that λ ∈ΨS g,t (A) ⊆ i∈S,j∈SΨS i,j (A).
Case IV: Suppose that
If |y f | ≥ |x h |, then |y f | = max{w i : i ∈ N }. Similarly, we have
and λ ∈ΨS h,f (A) ⊆ i∈S,j∈SΨS i,j (A).
The conclusion follows from Case I, II, III and IV. Next, we give the comparison theorem for Theorem 1 and Theorem 3. Without loss of generality, suppose that z ∈ i∈S,j∈SΨ S i,j (A), i.e., there are u ∈ S, v ∈S, such
We divide into two cases to prove that z ∈ Υ S (A) (for other cases, we can prove them similarly).
From (6), we have
When (7) holds and d = |a vu···uu···u | > 0, by Lemma 2.2 in [10] and (6), we have
On the other hand, when inequality (8) holds, i.e., |z| ≤ max{R u (A), C u (A)}, we only need to prove z ∈ Υ S (A) under the case that
When |z| ≤ max{R u (A), C u (A)} = R u (A) and |a uv···vv···v | > 0, then from Lemma 2.2, Lemma 2.3 of [10] and (6), we have Based on Theorem 3 and Theorem 4, and similar to the proof of Theorem 2 of [8] and Theorem 5 of [13] , the following theorems for the largest singular value of nonnegative rectangular tensors can be obtained easily.
In the end, a numerical example is given to verify the theoretical results. (ii) Bounds for the largest singular value λ 0 .
